Abstract. This paper is concerned with deducing an approximate expression for the relative stream function of the inviscid flow field induced by the single concentrated helical vortex tube that moves uniformly and rigidly without change of form in cylindrical straight pipe. In our previous discussion, the exact solution of the relative stream function is with infinite items, but now, the approximate solution with finite item is discussed, and so, the relative stream function can be calculated.
Introduction
The intensively swirling flow in a pipe is often observed in not only power machines but also various flow systems [1] [2] [3] . In some corresponding cases, the moving vortex tubes with helical shape appear and give rise to the periodic variation of flow field in it. The fundamental study of the flow fields induced by this vortex tube is very important for an adequate analysis of characteristics of the power machines. From 1880, Kelvin's research [4] to the present, the study of the helical vortex has had a long history. By introducing a stream function, Adebiyi [5] had discussed the existence of steady helical tube with small cross-section. The works about the velocity field induced by the static single helical vortex filament (vortex core radius tends to zero) were carried out successfully by Hardin [6] and Okulov [7] . Hardin managed to acquire analytical formula of the velocity field in an unbound space with the help of the Biot-Savart law. By introducing a stream function, Okulov studied ulteriorly this velocity field in a bound space (cylindrical or cone pipe), after assuming that the flow field in the pipe has the helical symmetry. Okulov's formula may degenerate into Hardin's formula when the radius of the pipe tends to infinite.
But, in fact, the helical vortex filaments observed in a cylindrical pipe often move uniformly, which rotate around z'-axis with a constant angular velocity  and translate along z'-axis with a constant transferal velocity 0 V (see Fig.1 ). The analytical solutions for the relative stream functions and velocity fields induced by moving single-helix or multi-helix vortex filaments were given out by our previous paper [8] [9] , in which the derivation of time-dependent velocity fields were changed into the derivation of time-independent velocity fields by the way of setting up moving cylindrical coordinate system together with the vortex filaments motion and postulating that the relative velocity fields were with the helical symmetry and time-independent field. Actually, the helical vortex core always has a finite size (called helical vortex tube), if the vortex-core's size is neglected, the obtained analytical solutions are not continuous on lines where helical vortex filaments sit in. For the sake of more truly describing these flow fields, the references [10] [11] have given out the integral forms of the relative stream functions induced by uniformly moving helical vortex tubes, but these exact expressions is with infinite items. The goal of this paper is to derive an approximate expression with finite items for analytical solution of the relative stream function induced by uniformly moving single-helix vortex tube with small core radius  . 
The Exact Expression for Relative Stream Function of a Helical Vortex Tube
We assume that the helical vortex tube is with core radius , circulation, its center curveline L 1 is a cylindrical helix with the pitch h (h=2l, l>0 right-handed helical vortex tube, l<0 left-handed helical vortex tube) and the radius a 0 . The helical vortex tube rotates around z' axis with a constant angular velocity; translates along z' axis with a constant transferal velocity V 0 in a cylindrical straight pipe with radius R.
The horizontal cross section of the vortex tube 1 z S is an elliptic zone, its area . Its contour equation may be expressed as (see Fig.1 and Fig.2 ),
Firstly, we set up two sets of coordinate systems: absolute cylindrical coordinate system at time t=0 (see Fig.1 ), consequently, the helical vortex tube is relatively static to the relative coordinate system. Then, the hypothesis that the relative velocity field induced by this vortex tube is a time-independent field and with a helical symmetry. By introducing relative helical orthogonal frame system ( Finally, by solving the above equation, we obtain the exact expression for the relative stream function of the helical vortex tube with moving uniformly. Moreover, we also can prove that this expression is correct by substituting it into the differential equation [10] .
From reference [10] , the relative stream function of the small vortex core (a 0 ≥, 
The Approximate Expression for Relative Stream Function of a Helical Vortex Tube
From formal (4), we find that the relative stream function is with infinite items. But, in actual calculation, it is impossible to sum infinitely. Now, we seek its approximate expression with finite items. According to the asymptotical formula of modified Bessel's functions at large argument [12] , and characteristics of trigonometric series, we have: here x symbol denotes a, r, or l.
In the above formula, all physical quantities are made dimensionless by pipe radius R and the average
, , , , 
Taking the following two sets of dimensionless parameters of helical vortex tube, and substituting them into formula (7), we get the iso-lines  =const (in the horizontal and vertical planes) for a helical vortex tube in cylindrical straight, shown in Fig.2 and Fig.3 . in the horizontal and vertical planes. in the horizontal and vertical planes.
Discussion
Based on three assumptions: the flow field is inviscid; the relative velocity field is helically symmetric and time-independent; the absolute vorticity components z   within vortex core are all uniformly distributed ( z e S   ), the analytic solution of relative stream function had been obtained.
Due to the inclusion of the size of the vortex core, the singularity of the solution is eliminated. By using the characteristics of modified Bessel's functions and trigonometric series, we give out an approximate analytic solution of relative stream with finite items. Therefore, this work makes the calculation of the stream function possible. After obtaining the analytic solution of the stream function, the analytical solutions of absolute velocity and relative velocity fields will also be possible. Not only that, the temperature of the flow field can also be analyzed [13] , so, it can also help with the research for Ranque-Hilsch vortex tube. In this paper, only the helical vortex with small vortex core has been studied. In fact, similar studies can be carried out for one with large vortex core and multi-vortex cores.
The solution is expressed as a piecewise function within the ranges of The formula (4) degenerates into Okulov's formula [7] . Furthermore, if set V 0 =0, and R tends to infinite, the formula will degenerate into Hardin's formula [6] .
